Modelling damage to real surfaces in contact within a unified framework  by Zhou, Kun et al.
Available online at www.sciencedirect.com
doi:10.1016/j.proeng.2011.04.263
*Corresponding author. Tel.: +65 6790-5170; fax: +65 6792-4062.    
E-mail address: kzhou@ntu.edu.sg. 
ICM11
Modelling damage to real surfaces in contact within a 
unified framework 
Kun Zhoua,*, Leon M. Keerb, Q. Jane, Wangb, Binoy M. Shahc, Fei Sud
aSchool of Mechanical and Aerospace Engineering, Nanyang Technological University, 50 Nanyang Avenue, 
 Singapore 639798, Singapore 
bDepartment of Mechanical Engineering, Northwestern University, 2145 Sheridan Road, Evanston, IL 60208, USA 
cGE Global Research, Niskayuna, NY 12309, USA 
dInstitue of Solid Mechanics, Beijing University of Aeronautics and Astronautics, Beijing 10083, China 
Abstract 
      Real surfaces in contact are subjected to damage such as wear and plastic deformation, which not only affects 
surface performances but may also lead to material failure. A proper prediction of surface damage is of critical 
importance in the design of advanced functional materials. However, the prediction is tremendously complicated both 
experimentally and theoretically by the presence of surface and subsurface imperfections formed during material 
manufacturing process. Recently, using Eshelby’s equivalent inclusion method, we developed a general solution for 
multiple 3D arbitrarily-shaped inhomogeneous inclusions (which are imperfections characteristic of material 
dissimilarity and inelastic strain) near surfaces under contact loading. This solution takes into account interactions 
between all the inhomogeneous inclusions and between them and the loading body as well as considering surface 
roughness. It provides a detailed knowledge of surface deformation and pressure and subsurface elastic field. 
Furthermore, a layer of film was modeled as an inhomogeneous inclusion, leading to the successful modeling of 
elastic-plastic indentation on coated surfaces with imperfections. The inhomogeneous inclusion provides a unified 
framework to model various surface damage patterns (including chipping wear, gradual wear, and particle pull-out), 
competition between them, and surface evolution due to them.   
Keywords: real surface; damage; imperfection;  inhomogeneous inclusion; contact; indentation. 
1. Introduction 
      Material surfaces may be damaged by cracking, wear and plastic deformation when they are subject to 
contact loading. Prediction and minimization of surface damage is extremely important in the optimal 
design of advanced materials for aerospace, biomedical, energy, and many other applications.  
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      A real surface not only has roughness but also contains imperfections formed at or beneath the surface 
during the material manufacturing process. The surface damage can be induced and worsened by such 
imperfections; in order to understand these effects, we represent imperfections by inclusions in this paper 
According to Mura [1], a homogenous inclusion is defined as a region that has the same material as the 
surrounding matrix but contains eigenstrain, which refers to inelastic strain such as thermal strain, plastic 
strain, etc. In contrast to a homogenous inclusion, an inhomogeneous inclusion has different material 
properties as compared to the surrounding matrix and may or may not contain eigenstrain.  
     The pioneering study on inhomogeneous inclusions was performed by Eshelby [2] who obtained the 
solution for an ellipsoidal inhomogeneous inclusion embedded in an infinite space. After nearly two 
decades, Moschovidis and Mura [3] studied the interaction between two ellipsoidal inhomogeneous 
inclusions in an infinite space. Due to mathematical complexity, the interactions among more than two 
inhomogeneous inclusions have barely been studied. The problems are further complicated by 
considering inhomogeneous inclusions near surfaces. More difficulties are added by considering surface 
contact loading or surface deformation. So far, in the literature only few studies that consider contacting 
loading have been done. Recently, the authors and co-workers have done a series of works on multiple 
arbitrarily-shaped inhomogeneous inclusions [4-6]. Based on them, this paper presents a unified 
framework to model damage to real surfaces in contact and discusses its application and versatility.  
2. Theory Development 
2.1 Model for inhomogeneous inclusions near loaded surfaces 
      A half space with elastic moduli C  contains multiple inhomogeneous inclusions \:
),,2,1( n \  with elastic moduli \C near surfaces under prescribed loading. The model is very 
general: (1) the inclusions can have 3D arbitrary shape; (2) they can have different materials among 
themselves and one can also be embedded in another; (3) the full interactions among them are taken into 
account; (4) each of them may contain initial eigenstrain pİ  which can be non-uniform.  
      The solution approach used for this model is Eshelby’s equivalent inclusion method (EIM) [2], which 
states that an inhomogeneous inclusion can be treated as a homogeneous inclusion with initial eigenstrain 
pİ  plus equivalent eigenstrain *İ to be determined. In this way, the inhomogeneous inclusion problem is 
converted to a homogenous inclusion problem. The equivalent eigenstrains are introduced to represent 
material differences of the inhomogeneous inclusions, the interactions among them, and their responses to 
the initial eigenstrains and surface tractions. The governing equation is given as 
     ))(()( 0p1**1 ııCCIİCıICC    \\\  ,      )...,,3,2,1( n \ , (1)  
where I is a unit matrix, *ı  the eigenstress caused by the equivalent eigenstrains *İ in all the 
homogeneous inclusions; pı  the eigenstress caused by the initial eigenstrains pİ in all the homogeneous 
inclusions; and 0ı the applied stress due to surface loading. In order to solve Eq. (1), we first need to 
determine *ı , pı , and 0ı .
      To obtain *ı and pı , it is required to determine the solution for multiple homogenous inclusions. A 
computational domain that contains all the homogenous inclusions is selected and then discretized into 
small cuboids [7]. Accordingly, each homogenous inclusion is approximated by a collection of small 
cuboids. The eigenstrain in each cuboid is treated as uniform. Nevertheless, the overall eigenstrains in 
each homogenous inclusion can still be non-uniform. Apparently, the finer the discretization of the 
domain, the more accurate the approximation would be. The solution for a cuboid containing uniform 
eigenstrain in a half-space was obtained by Chiu [8]. By summing up the contributions from each cuboid 
that contains uniform eigenstrain, the solution for multiple homogenous inclusions can be obtained. On 
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the other hand, 0ı can be obtained by summing up the contributions from each discretized surface area 
subject to normal pressure and tangential traction. 
      With *ı , pı , and 0ı as input, Eq. (1) becomes solvable and unknown equivalent eigenstrains *İ can
be determined iteratively by the conjugate gradient method (CGM) [5]. Once unknowns *İ are
determined, the entire elastic field of the inhomogeneous inclusions near loaded surfaces is solved.  
2.2. Model for inhomogeneous inclusions near surfaces in contact 
      This model is based on the previous model in Section 2.1 by adding a new feature that considers the 
deformation of the surface in contact. The surface deformation is caused by both surface contact loading 
(normal pressure and tangential friction), and the presence of inhomogeneous inclusions near the surface. 
On the one hand, the surface pressure and friction cause surface deformation, which in turn changes the 
distribution of surface pressure and friction. On the other hand, surface pressure and friction induce the 
response of the inhomogeneous inclusions, which causes surface deformation as well. This part of surface 
deformation further changes the distribution of surface pressure and friction. Therefore, there exist 
interactions between the loading body that applies the surface pressure and friction and the 
inhomogeneous inclusions. 
      The normal external load is given, but the surface contact area and pressure not known yet. They are 
determined by the following equations:   
      ³³ 
c
dd),(N
A
yxyxpW ,        0),(),(),( i t zz yxuyxhyxh G , (2) 
      cAyxyxpyxh ! ),(,0),(,0),( ; cAyxyxpyxh  ! ),(,0),(,0),( , (3) 
      In Eq. (2), the double integration of the normal contact pressure ),( yxp  in the contact area cA
balances the normal component WN of the external load; ),( yxh  describes the gap between two surfaces 
in contact, ),(i yxh  describes their initial gap; ),( yxuz  represents the composite surface placement; G
is the relative “rigid-body” approach. The composite surface displacement ),( yxuz  is defined as the sum 
of the elastic deflections of two contacting surfaces. In Eq. (3), the surface gap is positive outside the 
contact area, but is zero within it.  
      As in Section 2.1, by using the EIM, the original problem of inhomogeneous inclusions near surfaces 
in contact can be converted into the new problem of homogenous inclusions near surfaces in contact.  The 
new problem can be decomposed into two sub-problems. One is the homogenous inclusion problem in 
which equivalent eigenstrains are to be determined. The other is a homogeneous half-space contact 
problem in which contact pressure and friction are to be determined. Since the two sub-problems are 
correlated, an algorithm was developed to integrate them.  
     First, the surface geometry is initialized. If the surface has roughness, a digitized surface roughness 
profile measured by optical profilometers can be used as initialization input. Then, a homogenous half-
space contact model is used to obtain the surface contact pressure and friction. In the contact model, the 
surface is also discretized into many small square patches within which the pressure and friction are 
regarded as uniform. Next, the inhomogeneous inclusion model presented in Section 2.1 is used to 
determine the equivalent eigenstrains. After that, the surface displacement due to all the equivalent 
eigenstrains and initial eigenstrains is calculated. If the eigen-displacement converges, the calculation is 
completed. Otherwise, the surface geometry is updated with the eigen-displacement and the next iteration 
step begins.  
      The discretized contact model utilizes Eqs. (2)-(3), and has been widely used (see e.g., [9, 10]). It can 
be seen in Eq. (2) that the contact model needs the solution for the composite displacement ),( yxuz  of 
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the loading body surface and the homogeneous half-space surface due to contact pressure and friction. 
This displacement solution is given in the monograph of Johnson [11]. Furthermore, the solution for the 
eigen-displacement needs to be known, which is obtained by summing the contributions of each cuboidal 
inclusion that contains uniform eigenstrain [5].  
      A plastic zone in material can be regarded as a homogenous inclusion of the material. Based on the 
model for inhomogeneous inclusions near surfaces in contact, an elastic-plastic indentation model is 
further developed. This indentation model can study the plastic deformation of surfaces as well as 
subsurface plastic zone expansion around inhomogeneous inclusions, which generally cause stress 
concentration that lead to material yielding. The new feature of the elastic-plastic indentation model is 
that it can determine material yielding based on von Mises yield criterion and plastic flow rule [6] .  
      A layer of film on a substrate can be modeled as an inhomogeneous inclusion of the same thickness 
embedded in a half space of the substrate material, provided two conditions are satisfied. First, the 
inhomogeneous inclusion has much larger width and length than its thickness. Second, the dimensions of 
the contact area on the surface of the inclusion are much smaller than its width and length.  
3. Application and discussion  
3.1 Applicability of the theory 
      The surface pressure is a key factor that affects surface friction, yielding, wear, adhesion etc. The 
subsurface stress field determines plastic deformation and crack nucleation and growth beneath the 
surface. However, both surface pressure and subsurface stress field are greatly affected by 
inhomogeneous inclusions and surface roughness. The effect depends on the material dissimilarities 
between the inhomogeneous inclusions and the matrix, the depths of the inclusions beneath the surface, 
and the sizes and shapes of the inclusions as well as the roughness distribution and sizes. Therefore, it is 
of significance to take into account the effect of inhomogeneous inclusions and surface roughness in order 
to properly predict surface damage.  
      This theory is capable of providing an accurate knowledge of surface pressure and subsurface stress 
field for a complicated system involving material dissimilarity and surface roughness. It can be used to 
study gradual wear by incorporating the Archard law, to study chipping wear by modeling cracks by 
eigenstrains, and to study imperfect bonding and film delamination by changing the boundary conditions. 
More interestingly, the theory can be applied to study the competition among different damage patterns 
and track the surface evolution due to them. 
      The theory can also be easily developed to consider the interactions of inhomogeneous inclusions and 
other types of defects. For example, the interactions between the inclusions and disclinations have been 
extensively studied by researchers [12-15]. A disclination is a rotational line defect and measured by its 
rotational angle or strength [16] and the stress field due to a disclination can be input into the governing 
equation (1) as 0ı without adding extra difficulties. Furthermore, we can also take into account 
disclinated cracks (see, e.g. [17-19]). 
3.2. Sample results 
      Figure 1 shows the schematic of a cylinder-like nodule in the tungsten diamond-like carbon (W-DLC) 
film on the steel substrate The top surface of the nodule is curved like a cap protruding from the film 
surface. The steel substrate has the Young’s modulus GPa210s  E  and Poisson’s ratio 25.0s  v . The 
nodule ( GPa1212  E , 28.0i  v ) has a slightly different material from the film ( GPa1211  E , 28.01  v )
and is assumed to be perfectly bonded with it. For a homogeneous half space of the substrate material 
subject to a frictionless spherical indentation, the Hertz solution gives the radius of the contact area 0a
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and the maximum contact pressure 0P  at the center of the contact area [11]. Here, the dimension and the 
stress/pressure are normalized by 0a  and 0P  respectively. The thickness of the film is 0ah  . The 
cylindrical part of the nodule has the height of 0ah   and the circular radius of 02 5.0 ar  , and its cap 
part has the spherical radius of 01 3ar  . The horizontal distance between the nodule and the indenter is 
denoted by m. Surface friction coefficient is taken to be 0.3. 
Fig. 1. Schematic of a cylinder-like nodule in the film under spherical indentation  
       
Fig. 2. Location effect of the nodule on the surface normal pressure (a), and surface stress component xV (b).
Fig. 3. Subsurface von Mises stresses: (a) right beneath the indenter, and (b) slightly left to the indenter.  
In Fig. 2a, the black dashed line shows the normal surface pressure on the film in the absence of the 
nodule. The pink line shows for a nodule directly beneath the indenter, the pressure is concentrated on the 
top surface of the nodule. As the nodule is located slightly left to the indenter, the peak pressure decreases 
but is still concentrated at the top of the nodule. In Fig. 2b, the pink line shows the tensile stress xV  at the 
interface between the nodule and the film (the position of the peak value) is much larger than at the 
trailing edge of the contact area on the film surface and increases as the nodule is located closer to the 
trailing edge of the film contact area. This large tensile stress may open a surface crack at the nodule and 
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film interface, and this cracking may eventually debond the nodule from the film and lead to the pull-out 
of the nodule. Furthermore, the subsurface von Mises stress fields show that strong stress concentration 
occurs in the nodule rather than the film and it reaches the maximum value when the nodule is right 
beneath the indenter (see Fig. 3).   
4. Conclusion 
      This paper presents a unified framework that can be used to model various types of surface damage 
phenomena and discusses its application and versatility. The framework is based on a general solution for 
inhomogeneous inclusions, which are used to represented surface and subsurface imperfections, at or near 
surfaces under contact loading. The solution takes into account the interactions between all the 
inhomogeneous inclusions and the interactions between the inclusions and the loading body, and thus 
provides an accurate knowledge of surface deformation and pressure and subsurface elastic field.  
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